Introduction
It is known that the automorphism group of a compact Riemann surface of genus g d 2 is finite and of order no larger than 84ðg À 1Þ when g d 2; see [13] . A finite group G that can be realized as an automorphism group of a genus g compact Riemann surface such that jGj ¼ 84ðg À 1Þ is called a Hurwitz group. If a group G is not the automorphism group of any Riemann surface of genus 0 or 1, then for any Riemann surface on which the group acts as an automorphism group, the genus must be at least 1 þ ðjGj=84Þ. Burnside [3] began the investigation of a related problem: to find the the least genus g of a Riemann surface on which a given finite group acts faithfully as a group of automorphisms. Equivalently, given a finite group G, one can study the least genus g of a closed orientable topological surface on which G acts as a group of orientation-preserving symmetries. The latter parameter is denoted s 0 ðGÞ and it has become known as the strong symmetric genus of G (see [11, Chapter 6] ).
All finite groups with strong symmetric genus less than 4 are known [2] , [15] . It has been shown that for each positive integer n, there is a finite group G with s 0 ðGÞ ¼ n; see [16] . The strong symmetric genus of several infinite families of finite groups has been found: the alternating and symmetric groups in [4] , [5] , [6] , the hyperoctahedral groups in [14] , the groups PSL 2 ðqÞ in [9] , [10] , and the groups SL 2 ðqÞ in [21] . In addition, the strong symmetric genus has been found for the sporadic finite simple groups [7] , [22] , [23] , [24] .
The symmetric groups and the hyperoctahedral groups are infinite families of finite Coxeter groups. They are often referred to as the A-type and the B-type Coxeter groups, respectively. As stated above, the strong symmetric genus is known for each group in these families. Another family of finite Coxeter groups consists of the dihedral groups, which are automorphism groups of the sphere and thus have strong symmetric genus 0. This leaves one infinite family of finite Coxeter groups whose strong symmetric genus has not been found previously: the D-type groups. In this paper we calculate the strong symmetric genus of the D-type finite Coxeter groups and of the sporadic finite Coxeter groups. These new results will be given in Theorem 1 below.
We determine the strong symmetric genus of the finite Coxeter groups by demonstrating the existence of certain pairs of generators. If a finite group G has generators x and y of orders p and q, respectively, with xy of order r, then we say that ðx; yÞ is a ð p; q; rÞ generating pair of G. The obvious symmetries concerning generators allow us to use the convention that p c q c r. Following Conder [6] , we say that a ðp; q; rÞ generating pair of G is a minimal generating pair if G has no ðk; l; mÞ generating pair for G with k À1 þ l À1 þ m À1 > p À1 þ q À1 þ r À1 .
Before stating Theorem 1, we define the groups involved. For n d 3, B n will be the group of symmetries of the n-dimensional cube, and D n will be the group of orientation-preserving symmetries of the n-dimensional cube. For background on the finite Coxeter groups, including the sporadic finite Coxeter groups, see [1] and [12] . Theorem 1. Let G be a finite Coxeter group. If G ¼ D n and either n > 29 or n A f18; 19; 21; 24; 25; 27; 28g, then G has a ð2; 3; 8Þ minimal generating pair and s 0 ðD n Þ ¼ n! 2 nÀ1 =48. The results for G in the sporadic cases are given in Table I , while the results for the remaining cases of G ¼ D n are listed in Table II. 2 Generating pairs and strong symmetric genus The groups of small strong symmetric genus are well known (see [2] , [15] ). The only finite Coxeter groups G with s 0 ðGÞ ¼ 0 are the dihedral groups, G 2 , S 3 , S 4 , and D 3 . Also there are no finite Coxeter groups G with s 0 ðGÞ ¼ 1. In this paper, we will assume that s 0 ðGÞ > 1 for each group G that we are discussing. It is known that for groups with s 0 ðGÞ > 1, any generating pair will be a ð p; q; rÞ generating pair with p À1 þ q À1 þ r À1 < 1. Using the Riemann-Hurwitz equation, we see that any generating pair of G gives an upper bound on the strong symmetric genus of G; see [19] . If G has a ðp; q; rÞ generating pair, then The following lemma, which is a consequence of Singerman [18] (see also [15] , [20] ), shows that the strong symmetric genus for many groups can be computed directly from a minimal generating pair.
Lemma 2 (Singerman [18] ). Let G be a finite group such that s 0 ðGÞ > 1. If jGj > 12ðs 0 ðGÞ À 1Þ, then G has a ð p; q; rÞ generating pair with
In addition, if p 0 2 then p ¼ q ¼ 3, and r is 4 or 5.
We also include a lemma that allows us to control minimal generating pairs when passing to quotient groups. Lemma 3. Let G be a finite group that has a ð p; q; rÞ generating pair. If N p G, then any minimal generating pair of G=N must have a ðp 0 ; q 0 ; r 0 Þ generating pair such that In other words, s 0 ðG=NÞ À 1 c s 0 ðGÞ À 1 jNj :
Proof. Suppose that ðx; yÞ is a ðp; q; rÞ generating pair of G, and let x and y be the images of x and y under the quotient map p : G ! G=N. Let p 0 , q 0 , and r 0 be the orders of x, y, and xy. Clearly x and y generate G=N, and p 0 c p, q 0 c q, and r 0 c r. The result follows. r
In order to use this result, we recall some cases where certain Coxeter groups are quotients of other Coxeter groups. For each n, we have S n G B n =ðZ n Þ n and S n G D n =ðZ n Þ nÀ1 . In addition, if n is odd then D n G B n =ZðB n Þ.
For an example of the use of quotient groups, we consider D 17 . We notice that both B 17 and S 17 have minimal ð2; 4; 6Þ generating pairs. Now D 17 has a minimal generating pair; suppose that it has a ðp; q; rÞ minimal generating pair. Since D 17 G B 17 =ZðB 17 Þ, we have 11 12 c p À1 þ q À1 þ r À1 with p c 2, q c 4, and r c 6. On the other hand, we have p À1 þ q À1 þ r À1 c 11 12 because S 17 G D 17 =ðZ 2 Þ 16 . We see that D 17 must have a ð2; 4; 6Þ minimal generating pair.
Generators of D n
We recall that D n is an index two subgroup of B n and that B n is the wreath product Z 2 o S n . We will use notation introduced by Sikora [17] for the elements of B n and thus D n (see also [14] ). For an element of B n , we will write a tuple ½s; b where s is an element of S n and where b is a list of n binary digits representing the element of ðZ 2 Þ n . The multiplication then becomes ½s; b Á ½t; c ¼ ½s Á t; t À1 ðbÞ þ c where addition in the binary digits is a parity computation in each entry. We will use the convention of calling b even or odd according to the number of ones appearing as binary digits of b. Notice that if b and c have the same parity, then b þ c is even; and if they di¤er in parity, then b þ c is odd. Using this notation, an element ½s; b A B n is contained in D n if and only if b is even.
Notice that if ½s; b and ½t; c generate D n , then s and t must generate S n . Since we are looking for generators of D n , first we need to find generators of S n . Next we construct generators of D n from the generators of S n . Also during this construction we want to control of the orders of the generators of D n as well as the order of their product as described in Section 2.
Recall that the following sequence is a split exact sequence of groups:
where iðbÞ ¼ ½1; b and pð½s; bÞ ¼ s. In addition, we have the following commutative diagram
where both horizontal sequences are split exact. Using the bottom split exact sequence, the author has proven the following proposition:
Proposition 4 (Jackson [14] ). For n d 5, let G be a subgroup of B n with pðGÞ ¼ S n . Then G is a split extension of S n by one of the following: 1, Z 2 , ðZ 2 Þ nÀ1 , or ðZ 2 Þ n . In the first two cases, G is isomorphic to S n and Z 2 Â S n , respectively; in the third case G is either
Proposition 4 leads to Corollary 5.
Corollary 5. Let n d 5 and let H be a subgroup of D n with pðHÞ ¼ S n . Then H is a split extension of S n by one of the following: 1, Z 2 , or ðZ 2 Þ nÀ1 . In the first case, H G S n . In the second case, which can only occur when n is even, H G S n Â ZðD n Þ. In the third case, H ¼ D n .
Using Corollary 5, we can prove Proposition 6, which we will use to construct generators of D n from those of S n . Proposition 6. Suppose that s and t generate S n , which we regard as SymmðGÞ where G ¼ f1; 2; . . . ; ng, and that both s and s Á t have even order. Assume, furthermore, that s fixes two elements i and j of G, which are in the same cycle of the element s Á t; assume as well that s fixes a third element of G if n is even. Let b ¼ ð0; 0; . . . ; 0; 0Þ and a ¼ ð0; . . . ; 0; 1; 0; . . . ; 0; 1; 0; . . . ; 0Þ where there is a 1 in the i-th position and in the j-th position. Under these conditions, ½s; a and ½t; b generate D n . In addition the elements ½s; a, ½t; b and ½s Á t; t À1 ðaÞ have the same orders as s, t, and s Á t, respectively.
Proof. The results concerning the orders of ½s; a and ½t; b are obvious since sðaÞ ¼ a and tðbÞ ¼ b. On the other hand, ðs Á tÞ Àk ðt À1 ðaÞÞ ¼ ðs Á tÞ ÀkÀ1 ðaÞ. Notice that if k is the length of the cycle in s Á t that contains i and j, then ½s Á t; t À1 ðaÞ k ¼ ½ðs Á tÞ k ; ð0; 0; . . . ; 0; 0Þ:
It is clear then that the order of ½s Á t; t À1 ðaÞ is the same as the order of s Á t.
Let H ¼ h½s; a; ½t; bi H D n . We need to show that H ¼ D n . Notice that H is a subgroup of D n such that pðHÞ ¼ S n . From Corollary 5 we know that H is a split extension of S n by one of the following: 1, Z 2 , or ðZ 2 Þ nÀ1 ; we know that the second case only occurs when n is even.
Recall that any section s : S n ! D n takes a A A n to ½1; d Á ½a; ð0; . . . ; 0Þ Á ½1; d À1 for some ½1; d A B n ; and if a A S n nA n , then either sðaÞ ¼ ½1; d Á ½a; ð0; . . . ; 0Þ Á ½1; d À1 or sðaÞ ¼ ½1; d Á ½a; ð1; . . . ; 1Þ Á ½1; d À1 . Also notice that the last case only occurs if n is even.
We will show first via contradiction that ½s; a cannot be in the image of any such section. Suppose that ½s; a is in the image of some section homomorphism s : S n ! D n . Now ½s; a cannot be ½1; d Á ½s; ð0; . . . ; 0Þ Á ½1; d À1 ¼ ½s; s À1 ðdÞ þ d for any ½1; d A B n since s fixes i and j, so that s À1 ðdÞ þ d has a zero in both the ith and jth positions. Therefore we may assume that n is even and
for some ½1; d A B n . But s À1 ðdÞ þ d þ ð1; . . . ; 1Þ 0 a since s fixes k and a has a zero in the kth position. Now ½s; a is not in the image of any section; thus we only need to show that ½s; a is not equal to sðsÞ Á ½1; ð1; . . . ; 1Þ for any section s. Notice that if ½s; a were such an element, then a is either s À1 ðdÞ þ d þ ð1; . . . ; 1Þ or s À1 ðdÞ þ d, which are both ruled out in the previous paragraph. r
Results
From Section 3, we see that the strong symmetric genus of D n can be determined by construction of a suitable generating pair of S n . First we notice that if S n has a ðp; q; rÞ generating pair, then at most one of p, q, or r is odd. This result also holds for generators of D n . So we see that the best possible generating pair for any D n with n > 3 is a ð2; 3; 8Þ generating pair. Conder [4] has exhibited a ð2; 3; 8Þ generating pair ðs; tÞ for each S n ; we notice that except for the values of n listed below, s fixes three elements, two of which are in the same cycle of s Á t. In these cases we apply Proposition 6 to see that D n has a ð2; 3; 8Þ minimal generating pair. The exceptional values of n are 171, 173, 174, 181, 185, 188, 194, 201, 202, 206, 209, 214, 230, 250, 257, 265, and 286. In the remaining cases, the results were computed using GAP [8] . For n d 30, including the exceptional values of n listed above, D n was shown to have a ð2; 3; 8Þ minimal generating pair. So s 0 ðD n Þ ¼ ðn!2 nÀ1 Þ=48 for each n d 30. For each D n with n < 30 as well as for each sporadic group listed in Table I , an exhaustive search was performed using GAP [8] to find a minimal generating pair. In this manner the new results found in Table I and Table II , as well as in Theorem 1, were obtained.
